Received: August 13, 2001, Accepted: October 11, 2001

HYPER VERSION

The Kähler structure of supersymmetric holographic RG flows

Clifford V. Johnson, Kenneth J. Lovis and David C. Page

Centre for Particle Theory, Department of Mathematical Sciences University of Durham Durham, DH1 3LE, U.K.

E-mail: c.v.johnson@durham.ac.uk, k.j.lovis@durham.ac.uk,

d.c.page@durham.ac.uk

Abstract: We study the metrics on the families of moduli spaces arising from probing with a brane the ten and eleven dimensional supergravity solutions corresponding to renormalisation group flows of supersymmetric large N gauge theory. In comparing the geometry to the physics of the dual gauge theory, it is important to identify appropriate coordinates, and starting with the case of SU(N) gauge theories flowing from N =4 to N =1 via a mass term, we demonstrate that the metric is Kähler, and solve for the Kähler potential everywhere along the flow. We show that the asymptotic form of the Kähler potential, and hence the peculiar conical form of the metric, follows from special properties of the gauge theory. Furthermore, we find the analogous Kähler structure for the N =4 preserving Coulomb branch flows, and for an N =2 flow. In addition, we establish similar properties for two eleven dimensional flow geometries recently presented in the literature, one of which has a deformation of the conifold as its moduli space. In all of these cases, we notice that the Kähler potential appears to satisfy a simple universal differential equation. We prove that this equation arises for all purely Coulomb branch flows dual to both ten and eleven dimensional geometries, and conjecture that the equation holds much more generally.

Keywords: M-Theory, D-branes, AdS-CFT Correspondance, Supersymmetric Effective Theories.

Contents

1. Introduction 1

2. The prototype example: an N = 1 flow in D = 4 4 2.1 The ten dimensional solution 4 2.2 Moduli space metric from a probe 6 2.3 The search for Kähler structure 6 2.4 Comparison with probe result 7 2.5 A few asymptotic results 9 2.5.1 Large u 9 2.5.2 Small u 10

3. A more general N = 1 flow in D = 4 11 3.1 The ten dimensional solution 11 3.2 A Kähler potential 12

4. Pure Coulomb branch flows 13 4.1 Switching off the mass in D = 4 13 4.2 The general case of the Coulomb branch 14

5. An N = 2 flow in D = 4 15

6. Two N = 2 flows in D = 3 16 6.1 The S^5 flow 17 6.2 The T^{1,1} flow 18

7. Scaling dimensions and R-symmetries 20 7.1 Ten dimensional N = 1 flow 20 7.2 Eleven dimensional N = 2 flows 22

8. Closing remarks 24

1. Introduction

Using a D-brane as a probe of the ten dimensional geometry of stringy duals [1, 2, 3] of gauge theories has proven to be an interesting and useful avenue of investigation.

(There are analogous statements about the use of M-branes as probes of eleven dimensional geometries representing M-ish duals of close cousins of gauge theories.) There are a number of technical reasons for this, which all follow from the fact that the low energy action on the D-brane’s world volume is directly related to a sector of the full gauge theory at low energy, without any need for employing holographic dictionaries which are sometimes mysterious or incomplete. With due care, this means that the quantities which arise on the brane can often be interpreted or manipulated with a direct gauge theory intuition in mind, and then used to shed light on the rest of the ten dimensional geometry. In short, the probe D-brane’s world-volume is an excellent testbed for finding a good framework, such as more illuminating coordinates, in which to describe the whole gauge dual.^1 In this paper we exhibit further examples of this fact, in the context of supergravity geometries representing the renormalisation group (RG) flow [8, 9] from N = 4 supersymmetric pure large N SU(N) theory in the ultraviolet (UV) to supersymmetric theories of various sorts, in the infrared (IR).

We will begin with the case of flows which preserve only N = 1 supersymmetry in the dual gauge theory, and revisit a result of ours [10] for the Coulomb branch moduli space metric obtained for the flow [11, 12] to a large N version of the Leigh- Strassler point [13, 14, 15]. There were a number of interesting features of the metric which become most apparent near the origin of moduli space, where we obtained:

ds^2_{MIR} = 1 8π^2g^2_{YM} [ 3 4 du^2 + u^2 ( 4 3 σ^2_3 + σ^2_1 + σ^2 )] . (1.1)

This four dimensional branch represents the allowed vevs of two complex scalar fields ϕ_1 and ϕ_2. There is a radial coordinate u and three Euler-type angular coordinates (φ_1, φ_2, φ_3) introduced via σ_i, the standard left-invariant Maurer-Cartan forms satisfying dσ_i = ϵ_{ijk}σ_j ∧ σ_k.

The sum

∑_3 i=1 σ^2_i is the standard metric on a round S^3, and so there are stretched S^3’s for the radial slices due to the presence of the 4/3 instead of unity. While a deformation which preserves SU(2)_F × U(1)_R (the global symmetry of the gauge theory) was to be expected, the gauge theory origin of the precise number 4/3, and hence the resulting conical singularity at the origin, and other features of the metric everywhere along the flow, all deserve some explanation.

We show that the question is best postponed until one has found better coordinates for carrying out an investigation of the implicitly defined quantities of direct relevance to a gauge theory discussion. The key point is that for a low-energy sigma model, the metric on the moduli space is the quantity which controls the kinetic terms for the scalar fields. In superspace, the kinetic terms are written in terms of a

1There are a number of examples in the literature, touching on many of these aspects and issues, for instance refs. [4]–[7].

single function, the Kähler potential K:

L = ∫ d^4θ K(Φ^i, Φ^{j†}) − {∫ d^2θ W (Φ^i) + h.c. } , (1.2)

where Φ^i are chiral superfields whose lowest components are the scalars whose vevs we are exploring, “h.c.” means “hermitian conjugate’, and W (Φ) is the superpotential. For studying low energy, it is enough to keep just two derivatives in our effective action and so this is the form in which we should expect to wish to write our results.^2 Our task then turns into one of attempting to prove the existence of a Kähler potential for the probe metric. We succeed in doing this, and this is a highly non-trivial check on the consistency of the full ten (and eleven) dimensional flow geometries from the literature which we study, and of our probe computations. An amusing feature of this computation is that the flow differential equations themselves guarantee the existence of the Kähler potential.

Having shown its existence, we can proceed to answer the gauge theory questions by determining exactly how the potential is constructed out the basic fields in the theory. This only needs the asymptotic form of the potential which we can readily write down, and using this, we show that there is a simple scaling argument which accounts for the precise form of the metric in the IR.

We can go much further that that, however. We observe that there is a strikingly simple differential equation which the potential satisfies along the flow and we are able to solve for it exactly everywhere along the flow! Moving away from our starting example, we find similar results for a more general N = 1 preserving flow presented in the literature recently [16], finding the same differential equation for K.

Since this relation for K is so simple, we do a survey of many other ten and eleven dimensional RG flow geometries in the literature [17, 18, 19], preserving N = 2 and N = 4 supersymmetries, and we find that our equation is apparently universal. We prove directly that it always applies to the case of the ten and eleven dimensional duals of purely Coulomb-branch flows [20, 21, 22], and are led to conjecture that it is universal. Note that this includes a slight generalisation of the differential equation which applies to the case of flows from AdS_4 × S^7 and AdS_7 × S^4.

Since it is notoriously difficult to obtain exact N = 1 results for the Kähler potential — such riches are usually reserved for the superpotential, where holomorphy and non-renormalisation theorems are powerful allies — we find our results heartening, since they suggest that there is much to be gained by applying these methods further in the quest to extract useful information about strongly coupled gauge theories from supergravity duals of not inconsiderable complexity.

2The D-brane probe also carries a U(1) gauge field which is decoupled from the scalar fields. Its gauge coupling is given by the ten dimensional dilaton.

2. The prototype example: an N = 1 flow in D = 4

2.1 The ten dimensional solution

The ten dimensional solutions computed in ref. [12] describing the gravity dual of N = 4 supersymmetric SU(N) Yang-Mills theory, mass deformed to N = 1 in the IR may be written as:

ds^2_{10} = Ω^2ds^2_{1,4} + ds^2_5 , (2.1)

for the Einstein metric, where

ds^2_{1,4} = e^{2A(r)} ( −dt^2 + dx^2_1 + dx^2 + dx^2_3 ) + dr^2 , (2.2)

and (see also refs. [23, 13]):

ds^2_5 = L^2

Ω^2 ρ^2 cosh^2 χ [ dθ^2 + ρ^6 cos^2 θ ( cosh χ

X̄_2 σ^{23} + σ^2_1 + σ^2

X̄_1 ) + + X̄_2 cosh χ sin^2 θ X̄ 2_1 ( dϕ + ρ^6 sinh χ tanh χ cos^2 θ X̄_2 σ^3

)_2] , (2.3)

with

Ω^2 =

X̄^{1/2}_1 cosh χ ρ X̄_1 = cos^2 θ + ρ^6 sin^2 θ X̄_2 = sechχ cos^2 θ + ρ^6 cosh χ sin^2 θ . (2.4)

The functions ρ(r) ≡ e^{α(r)} and χ(r) are the supergravity scalars coupling to certain operators in the dual gauge theory. There is a one-parameter family of solutions for them which gives therefore a family of supergravity solutions. Together with A(r), they obey the following equations [11]: dρ dr = 1 6L ρ^2 ∂W ∂ρ = 1 6L ( ρ^6(cosh(2χ) − 3) + cosh(2χ) + 1 ρ )

dχ dr = 1 L ∂W ∂χ = 1 2L ( (ρ^6 − 2) sinh(2χ)

ρ^2 )

dA dr = − 2 3L W = − 1 6Lρ^2 ( cosh(2χ)(ρ^6 − 2) − (3ρ^6 + 2) ) , (2.5)

for which no explicit closed form analytic solution is known. The quantity W is the supergravity superpotential: W = 1 4 ρ^4(cosh 2χ − 3) − 1 2ρ^2

(cosh 2χ + 1) . (2.6)

Note that the asymptotic UV (r → +∞) behaviour of the fields χ(r) and α(r) = log(ρ(r)) is given by [11]: χ(r) → a_0e^{−r/L} + · · · ; α(r) → 2 3 a^2_0 r L e^{−2r/L} + a_1 √ 6 e^{−2r/L} + · · · . (2.7) Notice that this limit gives AdS_5 × S^5 in the UV, with cosmological constant Λ = −6/L^2 where the normalisations are such that the gauge theory and string theory quantities are related to them as:

L = α^{′1/2}(2g^2_{YM}N)^{1/4} ; g^2_{YM} = 2πg_s . (2.8)

This limit defines the SO(6) symmetric critical point of the N = 8 supergravity scalar potential where all of the 42 scalars vanish which is dual to the N = 4 large N SU(N) gauge theory.

Meanwhile, in the IR (r → −∞) the asymptotic behaviour is [11]: χ(r) → 1 2 log 3 − b_0e^{λr/L} + · · · ; α(r) → 1 6 log 2 − √ 7 − 1 6 b_0e^{λr/L} + · · · , where λ =

2^{5/3} 3 ( √ 7 − 1) , (2.9)

defining another, SU(2)× U(1) symmetric, critical point of the scalar potential [13]. It preserves only N = 2 supersymmetry of the maximal N = 8 for five dimensional supergravity, dual to a conformally invariant N = 1 supersymmetric fixed point SU(N) gauge theory at large N. It has an AdS_5 part, but the transverse part of the solution has only SU(2)× U(1), which^3 corresponds to the SU(2)_F × U(1)_R symmetry of the theory, which has two adjoint massless flavours transforming as an SU(2)_F doublet.

The fields Φ and C_{(0)}, the ten dimensional dilaton and R-R scalar, are gathered into a complex scalar field λ = C_{(0)} + ie^{−Φ} on which SL(2, Z) has a natural action. This SL(2, Z) is the duality symmetry of the gauge theory in the UV (the dilaton is related to the gauge coupling g_{YM}, and the R-R scalar to the Θ-angle), and an action of it will be inherited by the gauge theory in the IR.

The non-zero parts of the two-form potential, C_{(2)}, and the NS-NS two-form potential B_{(2)} are listed in ref. [12], but we will not need them here. It was shown in ref. [10] that the five form field strength of the R-R four form potential C_{(4)}, presented in ref. [12], to which the D3-brane naturally couples, may be integrated to give a closed form for the potential, the relevant part of which which we write as:^4

C_{(4)} = − 4 g_s w(r, θ) dx_0 ∧ dx_1 ∧ dx_2 ∧ dx_3 , where w(r, θ) = e^{4A} 8ρ^2

[ρ^6 sin^2 θ(cosh(2χ) − 3) − cos^2 θ(1 + cosh(2χ))] . (2.10)

3The SU(2) is the left-invariance of the σ_i. For details of the U(1) R-symmetry see section 7. 4By “relevant”, we mean the part which gets pulled back to the D-brane aligned parallel to the (x^0, x^1, x^2, x^3) directions.

2.2 Moduli space metric from a probe

In ref. [10] we worked in static gauge, partitioning the spacetime coordinates, x^μ, according to:^5 x^i = {x^0, x^1, x^2, x^3}, and y^m = {r, θ, ϕ, φ_1, φ_2, φ_3}. We aligned the brane’s worldvolume along the first four spacetime directions and obtained the effective lagrangian: L ≡ T − V = τ_3 2 Ω^2e^{2A}G_{mn}ẏ^mẏ^n − τ_3 sin^2 θe^{4A}ρ^4(cosh(2χ) − 1) , (2.11)

where the G_{mn} refer to the Einstein frame metric components, and we have neglected terms higher than quadratic order in the velocities in constructing the kinetic term. The quantity τ_3 = 1 8π^2g^2_{Y M} 2 α^{′2} , (2.12)

is the D3-brane charge under the R-R four-form potential.

The moduli space all along the flow is the four dimensional space sin θ = 0. For r → +∞ it is simply the flat metric on R^4 . In the limit r → −∞, inserting the IR values of the functions (see equation (2.9)), using the relations in equations (2.8) and defining: u = ρ_0L α^′ e^{r/ℓ} , ℓ = 3 2^{5/3}

L , ρ_0 ≡ ρ_{IR} = 2^{1/6} (2.13)

we get equation (1.1).

At this point, as we discussed in the previous section, it is prudent to stop and see if we can demonstrate the existence of a metric in Kähler form, since this is the low energy metric for an N = 1 supersymmetric sigma model.

2.3 The search for Kähler structure

The moduli space is parameterised by the vevs of the massless scalars, which we shall write as z_1 and z_2. The z_i transform in the fundamental of SU(2), while their complex conjugates transform in the anti-fundamental representation. The SU(2) flavour symmetry implies that the Kähler potential is a function of u^2 only where we define, u^2 = z_1z̄_1 + z_2z̄_2 , (2.14)

and the reader should note that this is not the coordinate u we defined in the IR in the previous subsection. We shall uncover the relation between the two shortly.

Dividing the coordinates (and indices) into holomorphic and anti-holomorphic (those without and those with a bar), if the Kähler structure exists the metric is given by

ds^2 = g_{μν̄} dz^μdz^{ν̄} = g_1¯_1dz_1dz̄_1 + g_1¯_2dz_1dz̄_2 + g_2¯_1dz_2dz̄_1 + g_2¯_2dz_2dz̄_2 , (2.15)

5Recall that the φ_i are angles on the deformed S^3 of section 2.1.

where

g_{μν̄} = ∂_μ∂_{ν̄} K(u^2) = ∂_μ(∂_{ν̄} (u^2)K^′) = ∂_μ(∂_{ν̄} (u^2))K^′ + ∂_μ(u^2)∂_{ν̄} (u^2)K^{′′} , (2.16) where the primes denote differentiation with respect to u^2, and we have inserted our assumption about the u dependence of K. Notice that since ∂_i(u^2) = z̄_i and ¯∂_i(u^2) = z_i , (2.17) we have, g_1¯_1 = ∂_1 ¯∂_1K = K^′ + z_1z̄_1K^{′′} , g_1¯_2 = z̄_1z_2K^{′′} , (2.18) and so on. So some quick algebra shows that the metric can be written as ds^2 = (dz_1dz̄_1 + dz_2dz̄_2)K^′ + (z̄_1dz_1 + z̄_2dz_2)(z_1dz̄_1 + z_2dz̄_2)K^{′′} . (2.19) Now notice that^6 du = 1 2u (z̄_1dz_1 + z̄_2dz_2 + z_1dz̄_1 + z_2dz̄_2) and uσ_3 = 1 2u (−iz̄_1dz_1 − iz̄_2dz_2 + iz_1dz̄_1 + iz_2dz̄_2) , (2.20) which is convenient, since we can write du + iuσ_3 = 1 u (z̄_1dz_1 + z̄_2dz_2) and du − iuσ_3 = 1 u (z_1dz̄_1 + z_2dz̄_2) . (2.21) In exchange for a bit more algebra, we arrive at the following form for our metric: ds^2 = (K^′ + u^2K^{′′})du^2 + u^2(K^′(σ^2_1 + σ^2 ) + (K^′ + u^2K^{′′})σ^2_3 ) . (2.22) 2.4 Comparison with probe result The result derived using the brane probe should be written out at this stage, to give: ds^2 = τ_3 2 { cosh^2 χ ρ^2 e^{2A}dr^2 + L^2ρ^2e^{2A}(cosh^2 χσ^2_3 + σ^2_1 + σ^2 ) } . (2.23) The explicit SU(2) invariance in this equation is that of the flavour symmetry, so in order to put the metric into Kähler form we need a change of radial coordinate relating r and u.

6For instance, see ref. [24, p. 377].

Comparing equations (2.22) and (2.23) we obtain three equations:

(K^′ + u^2K^{′′})du^2 = τ_3 2 cosh^2 χ

ρ^2 e^{2A}dr^2 , (2.24)

u^2(K^′ + u^2K^{′′}) = τ_3 2 L^2ρ^2e^{2A} cosh^2 χ , (2.25)

u^2K^′ = τ_3 2 L^2ρ^2e^{2A} . (2.26)

Using the first two equations we find

dr^2 =

L^2ρ^4 u^2 du^2 . (2.27)

A solution is: u = L α^′ e^{f(r)/L} , with df dr = 1 ρ^2

. (2.28)

The latter is always positive and so defines a sensible radial coordinate u.

We can now define K by the differential equation (2.26):

K^′ = dK d(u^2) = τ_3 2 L^2ρ^2e^{2A}

u^2

, (2.29)

and we have to check that such a K obeys equation (2.25), which can be written as:

u^2 d d(u^2)

(u^2K^′) = τ_3 2 L^2ρ^2e^{2A} cosh^2 χ . (2.30)

From the definition of u in equation (2.28), we have that: d d(u^2) = Lρ^2 2u^2 d dr , (2.31)

and so we need to show Lρ^2 2 d dr (u^2K^′) = τ_3 2 L^2ρ^2e^{2A} cosh^2 χ . (2.32)

From our definition of K in equation (2.29) this amounts to requiring us to show that: d dr (ρ^2e^{2A}) = 2 L e^{2A} cosh^2 χ , (2.33)

which seems like a tall order. Amazingly, performing the derivative on the left hand side and substituting the flow equations for ρ(r) and A(r) listed in (2.5) gives precisely the result on the right. We have demonstrated the existence of the Kähler potential! In fact, using the equation (2.31) we can write an alternative form for the definition of K, to accompany (2.29), which is: dK dr = τ_3Le^{2A(r)} . (2.34)

After some thought, one can readily write down an exact solution to the equation (2.34) for the Kähler potential everywhere along the flow. Up to additive constants, it is: K = τ_3L^2e^{2A} 4 ( ρ^2 + 1 ρ^4 ) . (2.35)

This is a very simple and satisfying result.

We have found a (family of) Kähler manifolds with an SU(2) × U(1) holonomy. We can readily compute interesting properties of these manifolds using the Kähler potential. For example, the Ricci form’s components are readily computed to be:

R_{μ̄ν} = −2∂_{μ̄}∂_ν log [ K^′(K^′ + u^2K^{′′}) ] , (2.36)

which of course generically defines a non-trivial first Chern class.

2.5 A few asymptotic results 2.5.1 Large u For large u (i.e., in the limit of large vevs), ρ ∼ 1 so that, from equation (2.28) we have u ∼^L_{α′} exp(r/L), and to leading order: K ∼ τ_3 2 L^2e^{2r/L} = 1 8π^2g^2_{Y M} u^2 , (2.37)

which implies the expected flat metric:

ds^2 = 1 8π^2g^2_{Y M}

(du^2 + u^2(σ^2_1 + σ^2 + σ^2_3 )) . (2.38)

We can also look at next-to-leading order corrections to the Kähler potential. Recalling the asymptotic solutions for α and χ in equations (2.7) and also the flow equations (2.5) one can show: A(r) ≃ r L − a^2_0 6 e^{−2r/L} + O(e^{−4r/L}) , (2.39) so that K ≃ τ_3L^2 ( 1 2 e^{2r/L} − a^2_0 3 r L ) , (2.40)

where we have now discarded terms of order exp(−2r/L) as well as constant terms. Similarly, the corresponding expression for u^2 is

u^2 ≃

L^2 α^{′2} ( e^{2r/L} + 4a^2_0 3 r L ) . (2.41)

Returning to the Kähler potential, we find: K ≃ 1 8π^2g^2_{Y M} [ u^2 − a^2_0L^2 α^{′2} ln ( α^{′2}u^2 L^2 )] . (2.42)

This expression looks similar to that which one might obtain from a one-loop calculation in field theory. To compare with such a result we need to know how a^2_0 corresponds to the mass for Φ_3. To deduce this we can look at the probe result at large u more closely. The result of the probe calculation was given in equation (2.11).

To leading order, we have

|z_1|^2 + |z_2|^2 =

L^2 α^{′2} e^{2r/L} cos^2 θ , and

|z_3|^2 =

L^2 α^{′2} e^{2r/L} sin^2 θ , (2.43)

and so L = 1 8π^2g^2_{Y M} ( (|ż_1|^2 + |ż_2|^2 + |ż_3|^2) −

4a^2_0 L^2

|z_3|^2 ) , (2.44)

where the asymptotic solution for α and for χ have again been used. The mass of Φ_3 is therefore m_3 =

2a_0 L . (2.45)

Inserting this into the Kähler potential, we obtain K ≃ 1 8π^2g^2_{Y M} u^2 −

Nm^2_3 16π^2 ln ( α^{′2}u^2 L^2 ) , (2.46)

which is of the form expected for the tree-level plus one-loop correction.

2.5.2 Small u For small u, ρ → 2^{1/6} and we have u ∼ L α^′ exp ( r 2^{1/3}L ) . (2.47)

This gives us the Kähler potential: K ∼ τ_3 2 L^2 3 2^{5/3} ( u^2α^{′2} L^2 )4/3 = 1 8π^2g^2_{Y M} 3 2^{5/3} ( α^{′2} L^2 )1/3 (u^2)^{4/3}, (2.48)

and so the metric in the IR is: ds^2 ∼ 1 8π^2g^2_{Y M}

2^{1/3} ( u^2α^{′2} L^2 )1/3 ( 4 3 du^2 + u^2 ( σ^2_1 + σ^2 + 4 3 σ^2_3 )) , (2.49)

which can be converted to the original form (1.1) presented in ref. [10] after the redefinition u → u^{3/4} and an overall rescaling.

So now we understand that the curious form of the IR metric, noticed in ref. [10], is simply a consequence of the power, 4/3, of u^2 which appears in the Kähler potential. As we shall see in section 7, this power shall follow from a scaling argument within the field theory.

3. A more general N = 1 flow in D = 4

3.1 The ten dimensional solution This time the solution, presented in ref. [16], allows a new scalar, β = log ν, to vary. The flow to non-zero values of β breaks the SU(2) × U(1) to U(1)^2, and β in fact controls a vev on the Coulomb branch of the N = 1 theory which we explored previously. If instead χ was to stay zero all along the flow this is an N = 4 Coulomb branch flow, which we will examine more closely in section 4.

The new metric will be of the same broad structure as given in equation (2.1), with equation (2.2) for one component, while the warp factor is given by [16]:

Ω^2 = cosh χ ( (ν^2 cos^2 ϕ + ν^{−2} sin^2 ϕ) cos^2 θ ρ^2

+ ρ^4 sin^2 θ )_{1/2} , (3.1)

and the deformed angular metric is given as follows [16]:

ds^2_5 =

L^2 Ω^2 [ ρ^{−4} ( cos^2 θ + ρ^6 sin^2 θ (ν^{−2} cos^2 ϕ + ν^2 sin^2 ϕ)) dθ^2 +

+ ρ^2 cos^2 θ(ν^2 cos^2 ϕ + ν^{−2} sin^2 ϕ)dϕ^2 − 2ρ^2(ν^2 − ν^{−2}) × × sin θ cos θ sin ϕ cos ϕdθdϕ + ρ^2 cos^2 θ(ν^{−2} cos^2 ϕdφ^2_1 + ν^2 sin^2 ϕdφ^2) + + ρ^{−4} sin^2 θdφ^2_3 ] + + L^2 Ω^6 sinh^2 χ cosh^2 χ(cos^2 θ(cos^2 ϕdφ_1 − sin^2 ϕdφ_2) − sin^2 θdφ_3)^2 . (3.2)

The U(1)^2 symmetry is generated by the Killing vectors ∂/∂φ_1 and ∂/∂φ_2. The superpotential for this flow is given by [16]: W = 1 4 ρ^4(cosh 2χ − 3) − 1 4ρ^2

(ν^2 + ν^{−2})(cosh 2χ + 1) , (3.3)

which generalises the superpotential in equation (2.6). The equations of motion for the supergravity fields are: dρ dr = 1 6L ρ^2 ∂W ∂ρ = 1 12L ( 2ρ^6(cosh 2χ − 3) + (ν^2 + ν^{−2})(cosh 2χ + 1) ρ ) , dν dr = 1 2L ν^2 ∂W ∂ν = − 1 4L ( (cosh 2χ + 1)ν(ν^2 − ν^{−2})

ρ^2 ) , dχ dr = 1 L ∂W ∂χ = sinh 2χ 2L ( ρ^6 − (ν^2 + ν^{−2})

ρ^2 ) , dA dr = − 2 3L W = − 1 6L ( ρ^6(cosh 2χ − 3) − (ν^2 + ν^{−2})(cosh 2χ + 1) ρ^2 ) . (3.4)

The authors of ref. [16] probed the metric with a D3-brane, with the following result:

ds^2 = 1 2 τ_3e^{2A} [ ζ(ρ^{−2} cosh^2 χdr^2 + L^2 ρ^2dϕ^2) + L^2ρ^2(ν^{−2} cos^2 ϕdφ^2_1 + ν^2 sin^2 ϕdφ^2) +

+ L^2ρ^2 sinh^2 χζ^{−1}(cos^2 ϕ dφ_1 − sin^2 ϕ dφ_2)^2 ] , where ζ ≡ (ν^2 cos^2 ϕ + ν^{−2} sin^2 ϕ) . (3.5)

3.2 A Kähler potential Again we wish to use N = 1 supersymmetry and the flavour and R-symmetries of the theory to choose a special set of coordinates in which the action for the brane probe can be compared to field theory expectations. In this case the SU(2)× U(1) symmetry has been broken to U(1)^2 by giving a vev to one of the massless fields.

The U(1)^2 symmetries are given by constant shifts in φ_1 and φ_2. We wish to find a complex structure in which this metric is Kähler and the U(1)^2 symmetries are realised linearly. Therefore, we should choose something like

z_1 = √ u(r, ϕ)e^{iφ1} , z_2 = √ v(r, ϕ)e^{−iφ2} , (3.6) and Kähler potential K = K(z_1z̄_1, z_2z̄_2) = K(u, v) . (3.7) Proceeding as before we write down the form of the metric which results from this Kähler potential. A short calculation gives

ds^2 = 1 4u^2 ( u ∂ ∂u )_2

Kdu^2 + 1 2uv ( u ∂ ∂u ) ( v ∂ ∂v ) Kdudv + 1 4v^2 ( v ∂ ∂v )_2

Kdv^2 + + ( u ∂ ∂u )_2

Kdφ^2_1 − 2 ( u ∂ ∂u ) ( v ∂ ∂v ) Kdφ_1dφ_2 + ( v ∂ ∂v )_2

Kdφ^2 . (3.8)

Comparison with equation (3.5) gives the following set of equations for u, v and K. ( u ∂ ∂u )_2 K = τ_3 2 e^{2A}L^2ρ^2(ν^{−2} cos^2 ϕ + sinh^2 χζ^{−1} cos^4 ϕ)

= 4u^2e^{2A}ζ ( ρ^{−2} cosh^2 χ ( ∂r ∂u )_2

+ L^2ρ^2 ( ∂ϕ ∂u )_2) , ( v ∂ ∂v )_2 K = τ_3 2 e^{2A}L^2ρ^2(ν^2 sin^2 ϕ + sinh^2 χζ^{−1} sin^4 ϕ)

= 4v^2e^{2A}ζ ( ρ^{−2} cosh^2 χ ( ∂r ∂v )_2

+ L^2ρ^2 ( ∂ϕ ∂v )_2) , ( u ∂ ∂u ) ( v ∂ ∂v ) K = τ_3 2 e^{2A}L^2ρ^2 sinh^2 χζ^{−1} cos^2 ϕ sin^2 ϕ = 4uve^{2A}ζ ( ρ^{−2} cosh^2 χ ( ∂r ∂u ) ( ∂r ∂v ) + L^2ρ^2 ( ∂ϕ ∂u ) ( ∂ϕ ∂v )) . The solutions for u and v are

u = f(r) cos^2 ϕ , v = g(r) sin^2 ϕ , (3.9) where df dr = 2ν^2 Lρ^2 f , dg dr = 2 Lρ^2ν^2 g . (3.10)

We find an exact solution for the Kähler potential: K = τ_3 2 L^2e^{2A} ( ρ^2(ν^2 − ν^{−2}) sin^2 ϕ + 1 2 (ρ^2ν^{−2} + ρ^{−4}) ) + a log(u) + b log(v) + d , (3.11) where a, b and d are constants. As before the equations of motion (3.4) were needed in order to find a solution. The specific combinations of the equations used are rather simple and we reproduce them below:

d(e^{2A}ρ^2ν^{−2}) dr = d(e^{2A}ρ^2ν^2) dr = 2 L e^{2A} cosh^2 χ (3.12) d(e^{2A}ρ^{−4}) dr = e^{2A} L (3 − cosh(2χ)) . (3.13)

In fact, this allows us to write down a remarkably simple solution for A as a function of ρ and ν for the case ν ≠ 1:

e^{2A} = k ρ^2(ν^2 − ν^{−2})

, (3.14)

where k is a constant. Using this expression and setting a = b = d = 0 we can simplify the Kähler potential and we find again that it satisfies the equation (2.34) K = τ_3 2 L^2k sin^2 ϕ + τ_3L^2e^{2A} 4 ( ρ^2 ν^2 + 1 ρ^4 ) . (3.15)

4. Pure Coulomb branch flows

4.1 Switching off the mass in D = 4

In fact, it is quite interesting to study a special case of the above. Let us switch off the mass deformation by setting χ = 0 everywhere. This means that we are studying a purely N = 4 Coulomb branch deformation. If we set χ = 0 then equations (3.12) and (3.13) simplify to yield the result

e^{2A}ρ^2ν^2 = e^{2A}ρ^2ν^{−2} + k = e^{2A}ρ^{−4} + l , (4.1)

where k is the constant appearing in equation (3.14) and l is another integration constant. We can also write down a solution for equation (3.10) in this case: f = L^2 α^{′2} e^{2A}ρ^2ν^{−2}, g =

L^2 α^{′2} e^{2A}ρ^2ν^2 . (4.2)

Now if we substitute into the expression (3.15) for the Kähler potential, we find K = τ_3 2 L^2e^{2A}(ρ^2ν^2 sin^2 ϕ + ρ^2ν^{−2} cos^2 ϕ) = 1 8π^2g^2_{Y M}

(u + v) = 1 8π^2g^2_{Y M}

(z_1z̄_1 + z_2z̄_2) . (4.3)

This is the expected probe result [7] for a two complex dimensional subspace of the flat three complex dimensional moduli space which exists for the N = 4 theory on Coulomb branch. Notice that in the standard supergravity flow coordinates, this result is not manifest, but there is a change of coordinates (achievable with the aid of the flow equations^7) to make it so. The ten dimensional flow metric in the new coordinates is then nothing else but a distributional D3-brane solution of ref. [25], for which the transverse space is flat space multiplied by an harmonic function.

Let us see if we can write the general result for the pure Coulomb branch flows, knowing that the underlying structure of the ten dimensional solution is so simple.

4.2 The general case of the Coulomb branch

The general N = 4 supersymmetric Coulomb branch flows are discussed in refs. [20, 21]. The five dimensional supergravity equations describing these flows were given in ref. [20] and a way to decouple these equations in order to find exact solutions was presented in ref. [21]. The ten-dimensional metric corresponds to a continuous distribution of D3-branes [25] and so must take the form

ds^2 = H^{−1/2}η_{μν} dx^μdx^ν + H^{1/2}(dy^2_1 + dy^2 + · · · + dy^2_6) , (4.4)

for some harmonic function H(y_i). A D3-brane probing this background has a flat metric on moduli space [7]:

ds^2 = τ_3 2 (dy^2_1 + dy^2 + · · · + dy^2_6) = τ_3 2 (dz_1dz̄_1 + dz_2dz̄_2 + dz_3dz̄_3) , (4.5)

coming from a Kähler potential K = τ_3 2 (y^2_1 + y^2 + · · · + y^2_6) . (4.6)

In ref. [21] it was shown that it is natural to write the lift solution in terms of a radial coordinate F which satisfies, in the coordinates of our discussion: dF dr = 2Le^{2A} , (4.7)

7See also refs. [6, 20, 21].

and is related to the y_i by y_i = (F − b_i)^{1/2}x̂_i , (4.8)

where b_i are constants and x̂_i are coordinates on a unit S^5. Changing to F coordinates we find that the Kähler potential is given by K = τ_3 2 ∑ i (F − b_i)x̂_i^2 = τ_3 2 (F − ∑ i b_ix̂_i^2) , (4.9)

from which we can read ∂K ∂F = τ_3 2 , (4.10)

which when combined with equation (4.7) results in our equation (2.34) once again. In fact it is straightforward to generalise these results to the case of M2- and M5- branes on their analogues of the Coulomb branch by adapting the results of ref. [22]. In these cases we find ∂K ∂r = τ_{M2}Le^A , (4.11)

for M2-branes and ∂K ∂r = τ_{M5}Le^{4A} , (4.12)

for M5-branes. We conjecture that together with the equation (2.34) for systems built of D3-branes, the natural Kähler potentials governing the metric on moduli space for all supersymmetric holographic RG flows coming from gauged supergravities, satisfy these equations. We have proven them for purely Coulomb branch flows, shown them for the Leigh-Strassler flow and a generalisation, and in the next two sections demonstrate that it is also true for another three families of examples.

5. An N = 2 flow in D = 4

We now briefly revisit the ten-dimensional N = 2 supersymmetric flow solution constructed in ref. [17], which has been studied via brane probing in refs. [4, 5, 6]. Again we wish to find an explicit form of the Kähler potential and check that equation (2.34) is satisfied. In this case the moduli space for a D3-brane probe is a one complex dimensional space and so it is simple to find coordinates in which the metric is Kähler, since these are just the coordinates in which the metric is conformally flat: ds^2 = ∂ ¯∂K dz dz̄ . (5.1) In fact such coordinates have already been found in refs. [4, 5], and we reproduce the result here ds^2 = τ_3 2 k^2L^2 c (c + 1)^2 dz dz̄ , (5.2) where

c = cosh(2χ) and z = e^{−iϕ} √ (c + 1) (c − 1)

. (5.3)

Note that this fixes the complex structure on moduli space but that in this case the flavour symmetries are insufficient to pin down a unique choice of complex coordinates. N = 2 supersymmetry is used in ref. [4] to match the scalar kinetic term with the kinetic term of the U(1) gauge field on the brane and so fix a unique set of coordinates.^8 However, for our purposes we only need the correct complex structure and so N = 1 arguments are enough. To proceed we set u = zz̄ and find

ds^2 = d du ( u d du ) K dz dz̄ = τ_3 2 k^2L^2

(u^2 − 1) 4u^2 dz dz̄ , (5.4) which has solution K = τ_3 2 k^2L^2 ( 1 4 (u − u^{−1}) + a log(u) + b ) , (5.5)

where a and b are constants. To get this expression for the Kähler potential into the form we want, we need to use the following solutions [17] for the supergravity fields A and ρ,

e^A = k ρ^2 sinh 2χ

ρ^6 = cosh 2χ + sinh^2 2χ ( γ + log [ sinh χ cosh χ ]) . (5.6)

If we choose a = −^1_2 and b = γ then the Kähler potential simplifies to K = τ_3 2 L^2ρ^2e^{2A} , (5.7)

which on applying the relevant supergravity equations of motion ρ dρ dr = 1 3L ( 1 ρ^2

− ρ^4 cosh 2χ ) , dχ dr = − 1 2L ρ^4 sinh 4χ , dA dr = 2 3L ( 1 ρ^2 + 1 2 ρ^4 cosh 2χ ) , (5.8)

can be shown to satisfy equation (2.34).

6. Two N = 2 flows in D = 3

Finally, we examine two non-trivial examples in eleven dimensions which appeared in the literature very recently [19]. The first is a flow from the SO(8) invariant 2+1

8See also ref. [6] for further work and generalisations.

dimensional fixed point in the UV (dual to AdS_4 × S^7) to an SU(3) × U(1) fixed point generalising the fixed point D = 4 field theory of section 2. It is dual to an N = 2 gauged supergravity critical point [26], and aspects of the dual field theory have been considered in refs. [27]. The second is closely related (from the eleven dimensional point of view), being an alternative lift of the same four dimensional N = 8 supergravity fields as the first example to a different eleven dimensional completion for which the moduli space in the limit of large fields is the conifold instead of R^8 . This is achieved by replacing the stretched S^5’s (which generalise the stretched S^3’s in sections 2 and 3) with a space which is topologically T^{1,1}; the authors of ref. [19] noticed that the same gauged supergravity equations of motion result. We make a few more comments about the field theory dual of this second example towards the end of subsection 6.2.

6.1 The S^5 flow

The flow under consideration has a 3 (complex) dimensional moduli space with SU(3) symmetry and we start by finding the general form for an SU(n) invariant Kähler metric on C^n . Let w^1, w^2, . . . , w^n be coordinates on C^n . SU(n) invariance implies that the Kähler potential K depends only on the combination

q = w^1w̄^1 + w^2w̄^2 + · · · + w^nw̄^n . (6.1)

Let us reparametrise C^n ∼ R^{2n} ∼ R^+ × S^{2n−1} with coordinates x̂^1, . . . , x̂^{2n}, q . The x̂’s are coordinates on an S^{2n−1} of unit radius and are related to the w’s by

w^J = √ q(x̂^{2J−1} + ix̂^{2J} ) . (6.2)

A short calculation gives the Kähler metric in these coordinates as:

ds^2 = 1 4q^2 ( q d dq )_2

K dq^2 + ( q d dq ) K dx̂^I dx̂^I + ( q^2 d^2 dq^2 ) K (x̂^I J_{IJ} dx̂^J )^2 , (6.3)

where J is an antisymmetric matrix with J_{12} = J_{34} = · · · = J_{2n−1 2n} = 1.

Now we wish to compare this to the metric on moduli space for the flow solution in ref. [19]. The lift ansatz for the eleven dimensional metric in ref. [19] is:

ds^2_{11} = Δ^{−1}(dr^2 + e^{2A(r)}(η_{μν} dx^μdx^ν )) + Δ^{1/2}L^2ds^2(ρ, χ) , (6.4)

where ds^2(ρ, χ) is given in equation (4.10) of ref. [19] and we will give the restriction of it to moduli space below. From this form of the eleven dimensional metric and a short calculation to determine the location of the moduli space we can read off the metric on moduli space:

ds^2 = τ_{M2} 2 e^A(Δ^{−3/2}dr^2 + L^2ds^2(ρ, χ)|_{moduli}) , (6.5) where Δ^{−3/2} = cosh^2 χ

ρ^2

, (6.6)

on moduli space and:

ds^2(ρ, χ)|_{moduli} = ρ^2dx̂^I dx̂^I + ρ^2 sinh^2 χ(x̂^I J_{IJ} dx̂^J )^2 , I, J = 1, . . . , 3 , (6.7)

which defines a family of stretched^9 S^5’s generalising the stretched S^3’s of our D = 4 gauge theory result in equation (2.23).

Now we can find the complex structure and Kähler potential which produce such a metric on moduli space. Substituting equation (6.7) into (6.5) and comparing with equation (6.3), we get three equations for the two unknown functions q(r) and K(r): 1 4q^2 ( q d dq )_2

Kdq^2 = τ_{M2} 2 e^AΔ^{−3/2}dr^2 , (6.8) ( q d dq ) K = τ_{M2} 2 e^AL^2ρ^2 , (6.9) ( q^2 d^2 dq^2 ) K = τ_{M2} 2 e^AL^2ρ^2 sinh^2 χ . (6.10)

Consistency of these equations requires that d dr (e^Aρ^2) = 2 L e^A cosh^2 χ , (6.11)

which is a consequence of the supergravity equations of motion. Then the solutions for K and q are: K = τ_{M2}L^2 4 e^A ( ρ^2 + 1 ρ^6 ) , dq dr = 2 Lρ^2 q . (6.12)

We observe again that, happily, this Kähler potential satisfies equation (4.11), and the contrast with equation (2.35) for the analogous four dimensional flow should be noted.

6.2 The T^{1,1} flow Interestingly, there is a second lift of the same four dimensional gauged supergravity solution which led to the eleven dimensional example of the previous section. This was also constructed in ref. [19]. The second eleven dimensional geometry is similar to the first, but with the stretched five spheres (U(1) bundles over C P^2 ) replaced by stretched T^{1,1}’s, (U(1) bundles over S^2 × S^2). The details are in ref. [19] and since we shall only be interested in the moduli space of an M2-brane probe, we shall not go into details here.

9Note that dx̂^I dx̂^I is the metric on a round S^5 while (x̂^I J_{IJ} dx̂^J )^2 is the U(1) fibre in the description of S^5 as a U(1) fibre over C P^2 . So the function sinh^2 χ controls a stretching of the fibre in a precise generalisation of the case for the S^3’s in equation (2.23).

The metric on moduli space for an M2-brane probing this geometry is again given by equation (6.5) except that equation (6.7) is replaced by

ds^2(ρ, χ)|_{moduli} = ρ^2ds^2_T 1,1 + ρ^2 sinh^2 χ 1 9 (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2 , (6.13)

and the metric on T^{1,1} is [28]:

ds^2_T 1,1 = 1 9 (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2 + 1 6 (dθ^2_1 + sin^2 θ_1dϕ^2_1) + 1 6 (dθ^2 + sin^2 θ_2dϕ^2) . (6.14) In particular, the S^5’s in equation (6.7) have been replaced by T^{1,1}’s so that for large r (ρ → 1 , χ → 0) the two moduli spaces approach flat R^6 , and the Ricci flat Kähler conifold, respectively.

To proceed we first note that the SU(2) × SU(2) symmetry of the conifold metric is preserved for all values of r. Therefore, we need to find the general form of an SU(2)×SU(2) invariant Kähler metric on the conifold and compare to equations (6.5), (6.13). Such metrics have been studied in ref. [28] and we shall rederive a result of that paper below.

The conifold is a surface in C^4 parametrised by four complex coordinates z_1, z_2, z_3 and z_4, which satisfy an equation

z^2_1 + z^2 + z^2_3 + z^2_4 = 0 . (6.15)

An SU(2) × SU(2) = SO(4) invariant metric depends only on the combination

p = z_1z̄_1 + z_2z̄_2 + z_3z̄_3 + z_4z̄_4 . (6.16)

Thus, to construct an SU(2) × SU(2) invariant metric on the conifold we can start with our equation (6.3) for an SU(4) invariant metric on C^4 and then restrict to the conifold using equation (6.15). For convenience and in order to adjust a couple of notations we reproduce the equation for an SU(4) invariant metric on C^4 here:

ds^2 = 1 4p^2 ( p d dp )_2 K dp^2 + ( p d dp ) K dẑ_id ^̄z_i + ( p^2 d^2 dp^2 ) K |ẑ_id ^̄z_i|^2 , (6.17)

where the ẑ_i’s parametrise an S^7, i.e. Σẑ_i ^̄z_i = 1. In fact it will be more convenient to work in terms of a radial coordinate q =^3_2 p^{2/3} for reasons which will become clear. In these coordinates the SU(4) invariant metric becomes:

ds^2 = 1 4q^2 ( q d dq )_2 K dq^2 + ( q d dq ) K [ 2 3 dẑ_id ^̄z_i − 2 9 |ẑ_id ^̄z_i|^2 ] + 4 9 ( q^2 d^2 dq^2 ) K |ẑ_id ^̄z_i|^2 . (6.18) Finally, we need to restrict to the conifold by applying equation (6.15) to the ẑ_i’s. If we reparametrise in terms of the coordinates^{10} on T^{1,1} introduced in equation (6.14),

10The reader should refer to ref. [28] for the explicit form of these coordinates in terms of the ẑ_i’s.

then we find the following form for the general SU(2) × SU(2) invariant metric on the conifold:

ds^2 = 1 4q^2 ( q d dq )_2 K dq^2 + ( q d dq ) K [ds^2_T 1,1 ] + 1 9 ( q^2 d^2 dq^2 ) × ×K (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2 . (6.19)

It is now straightforward to compare this metric with the metric on moduli space (6.5), (6.13), to extract equations for K and q. The equations which K and q satisfy are precisely (6.8), (6.9) and (6.10) with solution (6.12). It should be noted, however, that q has a very different definition than it did in the flow of the previous section.

7. Scaling dimensions and R-symmetries

The supergravity flows discussed in sections 2 and 6 interpolate between geometries of the form AdS×M, corresponding to flows between conformal field theories. We have already fixed unique coordinates on moduli space by demanding that the supersymmetry and flavour symmetries be realised linearly in the brane probe action. Now we should check whether the scaling dimensions of the chiral superfields are correctly reproduced in these coordinates.

7.1 Ten dimensional N = 1 flow

A simple example to start with is the UV end of the flow in section 2 which is just the standard AdS_5 × S^5 geometry. The AdS_5 part of the metric is

ds^2 = e^{2A}η_{μν} dx^μdx^ν + dr^2 where A = r L , (7.1)

which has a scaling symmetry under x → 1 α x e^A → αe^A . (7.2)

In fact this is a symmetry of all the fields in the supergravity solution and thus a symmetry of the action of a brane probing this background. In terms of the coordinates on moduli space derived in section 2, we have u ∼ e^A for large r and so the scaling symmetry becomes x → 1 α x u → αu . (7.3) In other words the fields on moduli space have scaling dimension 1 which matches with the field theory prediction for the scalar components of these chiral superfields in the N = 4 theory. Next we consider the IR end of the flow solution. Here the solution again has the scaling symmetry (7.2) except that A =^{25/3r}_L in this case.

The coordinate u goes like u ∼ exp (_r 2^{1/3} L ) ∼ (e^A)^{3/4} and thus the scaling symmetry becomes x → 1 α x u → α^{3/4}u . (7.4)

Therefore, we see that the massless fields have scaling dimension 3/4 here. Again this agrees with the field theory. To see this we briefly reproduce the analysis of ref. [14, 11, 15]. The N = 4 theory in the UV has superpotential

W = h Tr([Φ_1, Φ_2]Φ_3) , (7.5)

and the flow under consideration corresponds to adding a mass term δW = m 2 TrΦ^2_3 . (7.6)

The β-functions for h and m are given by

β_h = h(d_1 + d_2 + d_3 − 3) β_m = m(2d_3 − 3) , (7.7)

where d_i is the scaling dimension of the scalar component of Φ_i. The vanishing of the β-functions (along with the SU(2) symmetry) requires d_3 =^3_2 , d_1 = d_2 =^3_4 .

A further check on the coordinates is to consider the U(1) R-symmetry which forms a part of the superconformal group. The R-charge of the scalar component of Φ_i is given by r_i =^2_3 d_i and so r_1 = r_2 =^1_2 , r_3 = 1. This should match the extra U(1) symmetry of the supergravity solution in ref. [12]. To identify this U(1) symmetry we need to consider the antisymmetric tensor field (in ref. [12, eqn. 3.19])

C_{(2)} = e^{−iϕ}(a_1dθ − a_2σ_3 − a_3dϕ) ∧ (σ_1 − iσ_2) . (7.8)

This has a U(1) symmetry under

ϕ → ϕ + γ σ_1 − iσ_2 → e^{iγ} (σ_1 − iσ_2) . (7.9)

The charges of the scalar fields z_1, z_2 under this symmetry indeed reproduce the field theory values.^{11}

Working the other way, consider the Kähler potential at either end (UV or IR) of the flow. From the SU(2) flavour symmetry we know that K is a function of u^2

11It is interesting to consider the space z_1 = z_2 = 0 parametrised by z_3, the vev of the massive scalar. This corresponds to the two-dimensional space with cos θ = 0. z_3 has R-charge r_3 = 1 and is an SU(2) scalar and therefore is of the form z_3 = √ qe^{−iϕ}. We might guess that a natural choice for the radial coordinate q is to be found by putting a D-brane probe at z_1 = z_2 = 0 and considering its kinetic term for motions in the z_3 direction. If we put this probe metric into the form ds^2 = g dz_3 dz̄_3, for some function g, we find that dq/dr = 2ρ^4q/L. At the UV fixed point r → ∞, z_3 has scaling dimension 1. For the IR r → −∞, one finds that z_3 has dimension 3/2, which matches the value deduced above.

only. We also know the scaling dimension of u^2. The Kähler term in the action is of the form: S = ∫ d^Dx ∂_φ ∂_{φ̄}K ∂_μφ ∂^μφ̄ , (7.10)

where φ are the massless scalars with some scaling dimension and D = 4. For S to be invariant under the scaling symmetry, classically K(u^2) must have scaling dimension 2. At the UV end of the flow u has scaling dimension 1, so K ∼ u^2, as expected. At the IR end of the flow solution, u has scaling dimension 3/4 and so K ∼ (u^2)^{4/3}. This matches the result found in section 2.5.2. It is therefore possible to recover the form of the Kähler potential at either end of the flow from a classical scaling argument.

7.2 Eleven dimensional N = 2 flows

Now we repeat the analysis for the eleven dimension flow solution in the coordinates of section 6. First let us consider the field theory which in the UV contains four chiral superfields ϕ_i, with i = 1 . . . 4. The scaling dimensions (d_i) of the fields satisfy

d_1 + d_2 + d_3 + d_4 = 2 , (7.11)

and so d_i =^1_2 by symmetry. The flow solution corresponds to perturbing the superpotential by a mass term for Φ_4 δW = m 2 TrΦ^2_4 . (7.12)

This leads to a β-function β_m = m(2d_4 − 2) . (7.13)

Thus the IR values of the scaling dimensions are d_4 = 1, d_1 = d_2 = d_3 =^1_3 . Again we have a U(1) R-symmetry forming part of the superconformal group and in this case the charges satisfy r_i = d_i.

Let us compare these results with the symmetries of the limits of the flow solution written in the coordinates of section 6. The UV end of the flow is just AdS_4 ×S^7 and has a symmetry under the scaling (7.2), with A = 2r/L. The radial coordinate on moduli space from section 6 is √ q ∼ exp(^r_L ) ∼ (e^A)^{1/2} and so the scaling symmetry becomes x → 1 α x √ q → α^{1/2} √ q . (7.14)

At the IR end of the flow A ∼^{33/4r}_L and √ q ∼ exp(^r_{31/4L} ) ∼ (e^A)^{1/3}. The scaling symmetry is x → 1 α x √ q → α^{1/3} √ q . (7.15)

These are all in agreement with the scaling dimensions of the massless scalar fields derived above.

Finally we wish to match the extra U(1) symmetry of the supergravity solution to the R-symmetry of the field theory. To identify the action of the U(1) symmetry we look at the equation after (4.28) in ref. [19],

A^{(3)} = 1 4 sinh χe^{i(−4ψ−3ϕ)}(e^5 − ie^{10}) ∧ (e^6 − ie^9) ∧ (e^7 − ie^8) , (7.16)

where the e^a define a frame which locally diagonalises the metric, and are listed in ref. [19]. The three form potential A^{(3)} has a U(1) symmetry with ψ → ψ − γ ϕ → ϕ + 4 3 γ (7.17)

under which the coordinates w_i have charge 1/3 in agreement with the field theory.^{12} We can now consider the Kähler potential at either end of the flow, as we did at the end of section 7.1. In this case SU(3) symmetry implies that K is a function of q only. Again, we know the scaling dimension of √ q. Referring to equation (7.10), but now with n = 3, one can see that classically K should have scaling dimension 1. At the UV end of the flow, since √ q has scaling dimension 1/2, K ∼ q as before. For the IR end, √ q has scaling dimension 1/3, and so K should obey K ∼ q^{3/2}. Let us compare this with the results we found in section 6, equation (6.12). We see that for r → −∞, K ∼ e^A and q ∼ (e^A)^{2/3}. This implies K ∼ q^{3/2}, matching the result from the classical scaling argument above. Note, however, that the scaling argument does not give the Kähler potential for arbitrary r (where the scaling symmetry no longer holds).

For completeness, we note that it is possible to extract scaling dimensions for the UV and IR ends of the conifold flow of section 6.2, which provides data about the dual field theories. Since the large field limit of the flow gives the moduli space as the conifold, it is natural to assume that the dual field theory will be an orbifold, with the M2-branes at the origin. The conifold arises as the moduli space of vacua of a set of fields restricted by a D-term equation which is the defining equation (6.15) of the conifold. Then, a good description of the field theory on moduli space is in terms of fields A_i and B_j , as in ref. [29] (called X_i and Y_j in ref. [30]). There is an additional complex field, say Φ, which has a superpotential giving it a mass, which drives the flow. Carrying out the supergravity analysis as above, we find that the scaling dimensions of the A’s and B’s are 3/8 in the UV and 1/4 in the IR. These numbers are simply 3/4 times the dimensions of the fields in the other flow. A naive guess for the superpotential which couples all the fields is W ∼ ϵ^{ij} ϵ^{kl}Tr(A_iB_kA_j B_lΦ), for which the β-function vanishes if Φ has dimension 1/2 in the UV, and 1 in the IR, the latter also fitting nicely with a mass term mTrΦ^2.

12Again it interesting to consider the two-dimensional space parametrised by the vev of the massive scalar; this time it is w_4. One finds that w_4 = √ te^{−iψ} and so to put the probe metric into the form ds^2 = g dw_3 dw̄_3 we require dt/dr = 2ρ^6t/L. It is then easy to show that the scaling dimensions at the UV or IR fixed points match those found above.

8. Closing remarks

In a previous paper [10] we studied the moduli space of a D-brane probe of a particular ten dimensional geometry dual to a flow from the N = 4 large N SU(N) gauge theory to an N = 1 fixed point. We found a remarkably simple form for the metric on moduli space. Asymptotically, its peculiar conical form was of particular interest, since the value of the numerical coefficients entering the metric demanded a field theory explanation.

In this paper we set out to find suitable coordinates in which to exhibit the dual supergravity geometries in order to address such questions, and we found many interesting structures. We are able to put the metric on moduli space for a brane probe into a manifestly Kähler form, which is quite natural in studies of supersymmetric gauge theory. One amusing point in these calculations has been the way in which the first order supergravity equations^{13} which ensure the N = 1 supersymmetry of the full supergravity geometry are also precisely what is needed to make the metric on moduli space Kähler.

Furthermore, we have shown that by working in these natural coordinates we can give a simple derivation of the scaling dimensions of the massless chiral superfields. The usual methods for calculating dimensions of these fields from the dual supergravity involve linearising fluctuations about a given background and is computationally rather tedious. The most direct benefit of this derivation for the purposes of this paper was the ease with which it allows us to acheive our initial goal: The Kähler metric controls all of the coefficients in the asymptotic metric, and their precise values follow from the scaling argument.

We studied many other cases, preserving various amounts of supersymmetry, and in both ten and eleven dimensions. In every case that we studied, it was possible to find an exact expression for the Kähler potential in terms of the supergravity fields. On the one hand, this is very exciting, since for a low amount of supersymmetry, exact results for this quantity are harder to find than for e.g., the superpotential, where holomorphicity is a powerful constraint. On the other hand, we note that in translating to the field theory we find that the exact supergravity expression for the Kähler potential does not always tell the whole story, or in the most simple way, and so we advise some caution on the part of the user. For instance, in the example of the maximal supersymmetry preserving Coulomb branch flows, the Kähler potential has a very simple form from the field theory viewpoint. However, it is looks more complicated in terms of the supergravity scalars. One has to unpack the details of the supergravity fields and/or change variables to another set of coordinates in which the simplicity is more manifest [21, 22, 6, 25], to see that in those cases there is in fact a simpler story to be told. Another example comes from the two eleven

13These are derived from Killing spinor equations (see e.g. ref. [11]) or a Bogomol’nyi-type argument (see ref. [22] and references therein).

dimensional flow geometries of section 6. One simple expression for the supergravity Kähler potential describes two different theories, the details of which must still be unpacked by using the knowledge of the detailed behaviour of the scalars.

In each of the examples we have considered, the Kähler potential satisfies a remarkable simple differential equation (2.34) (or (4.11), (4.12) in eleven dimensions), which we conjecture to be universal for these sorts of holographic RG flows (we proved them to be so for all the Coulomb branch flows). It will be interesting to try to understand better the origins of this equation in the gauged supergravity and also its direct interpretation in the dual gauge theory.

Acknowledgments

We thank Nick Evans, David Tong and Nick Warner for comments. We also thank Nick Warner for showing us a preliminary version of ref. [19]. KJL and DCP would like to thank Douglas Smith for extensive discussions, and Ian Davies, James Gregory and Antonio Padilla for other helpful discussions. CVJ would like to thank Columbia University’s Physiology and Physics Departments for kind occasional use of a printer, and SJB for her patience. KJL and DCP are funded by the Engineering and Physical Sciences Research Council. This paper is report number DCTP-01/61 at the CPT, Durham.

References

[1] J. Maldacena, The large n limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[4] A. Buchel, A.W. Peet and J. Polchinski, Gauge dual and noncommutative extension of an N = 2 supergravity solution, Phys. Rev. D 63 (2001) 044009 [hep-th/0008076].

[5] N. Evans, C.V. Johnson and M. Petrini, The enhancon and N = 2 gauge theory/gravity RG flows, J. High Energy Phys. 10 (2000) 022 [hep-th/0008081].

[6] J. Babington, N. Evans and J. Hockings, Secrets of the metric in N = 4 and N = 2^∗ geometries, J. High Energy Phys. 07 (2001) 034 [hep-th/0105235].

[7] C.V. Johnson, D-brane primer, hep-th/0007170.

[8] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, Novel local CFT and exact results on perturbations of N = 4 super Yang-Mills from AdS dynamics, J. High Energy Phys. 12 (1998) 022 [hep-th/9810126].

[9] J. Distler and F. Zamora, Non-supersymmetric conformal field theories from stable anti-de Sitter spaces, Adv. Theor. Math. Phys. 2 (1999) 1405 [hep-th/9810206].

[10] C.V. Johnson, K.J. Lovis and D.C. Page, Probing some N = 1 AdS/CFT RG flows, J. High Energy Phys. 05 (2001) 036 [hep-th/0011166].

[11] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Renormalization group flows from holography supersymmetry and a c-theorem, Adv. Theor. Math. Phys. 3 (1999) 363 [hep-th/9904017].

[12] K. Pilch and N.P. Warner, N = 1 supersymmetric renormalization group flows from IIB supergravity, hep-th/0006066.

[13] A. Khavaev, K. Pilch and N.P. Warner, New vacua of gauged N = 8 supergravity in five dimensions, Phys. Lett. B 487 (2000) 14 [hep-th/9812035].

[14] R.G. Leigh and M.J. Strassler, Exactly marginal operators and duality in fourdimensional N = 1 supersymmetric gauge theory, Nucl. Phys. B 447 (1995) 95 [hep-th/9503121].

[15] A. Karch, D. Lust and A. Miemiec, New N = 1 superconformal field theories and their supergravity description, Phys. Lett. B 454 (1999) 265 [hep-th/9901041].

[16] A. Khavaev and N.P. Warner, An N = 1 supersymmetric coulomb flow in IIB supergravity, hep-th/0106032.

[17] K. Pilch and N.P. Warner, N = 2 supersymmetric rg flows and the IIB dilaton, Nucl.

Phys. B 594 (2001) 209 [hep-th/0004063].

[18] A. Brandhuber and K. Sfetsos, An N = 2 gauge theory and its supergravity dual, Phys.

Lett. B 488 (2000) 373 [hep-th/0004148].

[19] R. Corrado, K. Pilch and N.P. Warner, An N = 2 supersymmetric membrane flow,

hep-th/0107220.

[20] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Continuous distributions of D3-branes and gauged supergravity, J. High Energy Phys. 07 (2000) 038 [hep-th/9906194].

[21] I. Bakas and K. Sfetsos, States and curves of five-dimensional gauged supergravity, Nucl. Phys. B 573 (2000) 768 [hep-th/9909041].

[22] I. Bakas, A. Brandhuber and K. Sfetsos, Domain walls of gauged supergravity, M-branes and algebraic curves, Adv. Theor. Math. Phys. 3 (1999) 1657 [hep-th/9912132].

[23] M. Cvetič, H. Lu and C.N. Pope, Geometry of the embedding of supergravity scalar manifolds in D = 11 and D = 10, Nucl. Phys. B 584 (2000) 149 [hep-th/0002099].

[24] T. Eguchi, P.B. Gilkey and A.J. Hanson, Gravitation, gauge theories and differential geometry, Phys. Rep. 66 (1980) 213.

[25] P. Kraus, F. Larsen and S.P. Trivedi, The Coulomb branch of gauge theory from rotating branes, J. High Energy Phys. 03 (1999) 003 [hep-th/9811120].

[26] H. Nicolai and N.P. Warner, The SU(3) × U(1) invariant breaking of gauged N = 8 supergravity, Nucl. Phys. B 259 (1985) 412.

[27] C.-H. Ahn and J. Paeng, Three-dimensional SCFTS, supersymmetric domain wall and renormalization group flow, Nucl. Phys. B 595 (2001) 119 [hep-th/0008065]; C.-H. Ahn and K. Woo, Supersymmetric domain wall and RG flow from 4-dimensional gauged N = 8 supergravity, Nucl. Phys. B 599 (2001) 83 [hep-th/0011121].

[28] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990) 246.

[29] I.R. Klebanov and E. Witten, Superconformal field theory on threebranes at a Calabi- Yau singularity, Nucl. Phys. B 536 (1998) 199 [hep-th/9807080].

[30] D.R. Morrison and M.R. Plesser, Non-spherical horizons, 1, Adv. Theor. Math. Phys.

3 (1999) 1 [hep-th/9810201].